Introduction
We consider initial-boundary value problems for singularly perturbed partly dissipative reaction-diffusion systems of the type ε 2 ∂u ∂t − ∂ 2 u ∂x 2 = g(u, v, x, t, ε) , ∂v ∂t = f (u, v, x, t, ε) , (1.1) where u, v, x ∈ R, ε is a small positive parameter. Partly dissipative systems can be used to model reaction-diffusion processes in different fields (chemical kinetics, biology, astrophysics) when the effect of diffusion of one of the species is negligible (see, e.g., [4] [5] [6] [7] [10] [11] [12] has an isolated simple root with respect to u, then, according to the standard theory of singularly perturbed systems (see, e.g., [13, 14] ), this root essentially determines the behavior of the u-solution component (fast component) of the initial-boundary value problem under consideration provided some additional conditions are satisfied.
In this paper we assume that the degenerate equation has two roots with respect to u which intersect in some smooth surface. Such situation is quite natural in applications, especially when we look for a positive solution under the assumptions that u ≡ 0 is a trivial solution (see [2, 9] ).
As a motivating example we consider the following initial-boundary value problem: where I : Q → R is smooth and positive, u 0 is a smooth function on 0 x 1. Here, u can be considered as the concentration of some reacting species (u 0), while v is some auxiliary variable (sometimes the difference of two species) which can be positive and negative, the term u(u − v + x + t + 2)/ε 2 characterizes the reaction rate (very fast reaction), I (x, t)/ε represents the input rate of the species u.
The degenerate equation to (1.3)
−u(u − v + x + t + 2) = 0 has two roots
intersecting in the smooth surface
Thus, the standard theory of singularly perturbed systems cannot be applied near this surface. Any root u = ϕ(v, x, t) of the degenerate equation (1.2) represents a family of equilibria of the so-called associated equation to (1.1)
where v, x, t have to be considered as parameters. Hence, the assumption of the existence of two intersecting roots of the degenerate equation implies an exchange of stabilities for the corresponding families of equilibria of the associated equation. This paper is concerned with the existence and asymptotic behavior in ε of the solution of some initial-boundary value problem to system (1.1) in case of exchange of stabilities. The proof of our results is based on the method of asymptotic lower and upper solutions. To construct these solutions we exploit the structure of the solution set of the degenerate equation and their stability properties as equilibria of the associated equation.
The goal of this paper is to derive conditions which imply the phenomenon of immediate exchange of stabilities, that is, the behavior of the fast solution component (u-component) is determined at any time by the stable root of the degenerate equation (1.2) . This excludes the occurrence of interior layers (spikes) as well as a delayed exchange of stabilities where the u-component follows for some O(1)-time interval the unstable root of the degenerate equation. The results of this paper are extensions of corresponding results in [2, 3, 8, 9] for ordinary and parabolic differential equations.
The paper is organized as follows: In Section 2 we formulate our assumptions and construct the so-called composed stable solution which plays a crucial role for the formulation as well as for the proof of our main result. At the same time we consider a simple motivating example where all assumptions can be checked analytically and where the composed stable solution can be constructed explicitly. The definition of ordered lower and upper solutions will also be given in Section 2. Section 3 contains the detailed proof of our result.
Formulation of the problem. Assumptions
We study the singularly perturbed nonlinear initial-boundary value problem
under the following assumptions:
If we set ε = 0 in (2.1), then we get the degenerate system
Concerning the solution set of the degenerate equation
we assume From assumption (A 1 ) we get that the relations
hold for (v, x, t) ∈ I v × Q, and for i = 1, 2.
The following assumption expresses the property that the surfaces u = ϕ 1 (v, x, t) and u = ϕ 2 (v, x, t) intersect in a smooth surface whose projection into the (v, x, t)-space can be described by v = s(x, t):
There exists a smooth function s : Q → I ν such that
We note that the case of intersecting roots of the degenerate equation does not fit into the standard theory of singularly perturbed systems (see, e.g., [13, 14] ).
The differential equation 6) where v, x, t are considered as parameters, is said to be the associated equation to (2.1). It follows from hypothesis (A 1 ) that u = ϕ i (v, x, t) , i = 1, 2, are families of equilibria of (2.6). The families ϕ i are stable (unstable) if g u (ϕ i , v, x, t, 0) is negative (positive). For definiteness we assume the following stability behavior:
From assumption (A 3 ) we get that g u (u, v, x, t, 0) changes its sign when the point (v, x, t) crosses the surface v = s(x, t) where u = ϕ 1 (v, x, t) and u = ϕ 2 (v, x, t) intersect. This sign change of g u implies an exchange of stabilities of the families of equilibria of the associated Eq. (2.6). Moreover, we have for 
i.e., assumption (A 3 ) holds.
In the sequel we construct the so-called composed stable solution to the degenerate system (2.3) which will be used to construct lower and upper solutions to the initial-boundary value problem (2.1)-(2.2).
The function ϕ(v, x, t) defined by means of the stable roots ϕ 1 (v, x, t) and 
where we assume v 0 (x) = s(x, 0) for 0 x 1. First we consider the case
Then, according to (2.7), the reduced initial value problem (2.8), (2.9) reads
Concerning this initial value problem we suppose
with values in I ν and satisfying
Assumption (A 4 ) says that the surfaces v = v 1 (x, t) and v = s(x, t) intersect in a curve whose projection into Q can be described by t = t c (x). We denote this curve by C which decomposes Q into the subsets Q 1 and Q 2 where Q 1 consists of all points (x, t) ∈ Q satisfying t < t c (x), Q 2 = Q\Q 1 (see Fig. 1 ). Next, for 0 x 1, we consider the initial value problem 
(2.14)
Now we define the functionv(x, t) bŷ Furthermore, we introduce the functionû(x, t) bŷ
The pair of functions (û(x, t),v(x, t)) defined by (2.16), (2.15) is referred to as the composed stable solution of the degenerate system (2.3). From assumption (A 2 ) and from the identities
Let us illustrate the composed stable solution by means of example (1.3). Note
Therefore, the initial value problem for v 1 (x, t) reads
It has the solution
The equation
defines the curve C:
It is obvious that
i.e., assumption (A 4 ) is fulfilled. From f (ϕ 2 (v, x, t) , v, x, t, 0) ≡ v − x − t and v 1 (x, t c (x)) = 2x + 3 it follows that the initial value problem for v 2 (x, t) reads
Its solution is
It is easy to check that
Therefore, assumption (A 5 ) holds and the composed stable solution has the form
(2.19)
Let us return to the composed stable solution defined in (2.15), (2.16). The functionv(x, t) is obviously continuously differentiable with respect to t. But u(x, t) is in general not smooth on the curve C, since we get from (2.12), (2.14) and (2.15)
For the sequel it is convenient to introduce the following notation: the symbolô ver g and f or some derivative of g and f denotes that we have to consider the
It follows from assumption (A 1 ) that Assumption (A 6 ) implies that for 0 x 1 the initial value problem
has a unique solution u = u(x, τ ) defined for τ 0, and such that
Finally, we assume (A 7 )ĝ uu (x, t) := g uu (û(x, t),v(x, t), x, t, 0) < 0 on C. (A 8 )ĝ ε (x, t) > 0 on C.
Concerning assumption (A 8 ) we would like to mention that the sign ofĝ ε (x, t) on C plays an important role (see [1] [2] [3] Our approach to prove the asymptotic behavior of the solution of problem (2.1) is based on the concept of ordered lower and upper solutions. Before we recall its definition (see, e.g., [10] . Then α(x, t, ε) ) and β(x, t, ε)) are called ordered lower and upper solutions to the initial-boundary value problem (2.1), (2.2) in Q for ε ∈ I ε 1 , respectively, if they satisfy for ε ∈ I ε 1 the conditions
This definition can be obviously adapted to any subdomain of Q. It is known (see, e.g., [10] ) that the existence of ordered lower and upper solutions to (2.1), (2.2) implies the existence of a unique solution (u(x, t, ε), v(x, t, ε)) of (2.1),
The goal of the following investigations is to characterize the asymptotic behavior of the solution of (2.1), (2.2), in particular, we prove the limit behavior (2.23) by constructing lower and upper solutions to the initial-boundary value problem (2.1), (2.2).
Existence and asymptotic behavior of the solution
In this section we will prove that the initial-boundary value problem (2.1), (2.2) has a unique solution. Taking into account an initial layer correction we can show that for small ε the solution of (2.1), (2.2) 
is close to the composed stable solution (û(x, t),v(x, t)).
In order to be able to formulate our main result we decompose the domain Q and introduce a function which represents an approximation of the initial layer correction.
First we decompose Q. Let t min be the minimum of the function t c (x) in [0,1], let ν be any small positive number such that t 1 := t min − ν is positive. Let Q c be the domain defined by Q c := {(x, t) ∈ R 2 : 0 < x < 1, t 1 < t T } (see Fig. 2 ).
Next we introduce an initial layer correction. According to [14] we define the zeroth-order initial layer function Π 0 (x, τ ) (τ = t/ε 2 ) as the solution of the initial value problem where x ∈ [0, 1] has to be considered as a parameter
By (2.16) we have ψ 1 (x, 0) = ϕ 1 (v 0 (x), x, 0). Thus, from assumption (A 6 ) and from (2.21) it follows that the initial value problem (3.1) has a solution which satisfies the estimate |Π 0 (x, τ )| < c exp(−κτ ), τ 0, for some positive constants c and κ.
Concerning our example (1.3) the initial value problem (3.1) reads
Its solution can be found in the explicit form
Now we formulate our main result. 
Corollary 3.1. From (3.2), (3.3) it is obvious that the relations (2.23) hold.
Proof of Theorem 3.1. The proof consists of two steps. In the first step we consider the initial-boundary value problem (2.1), (2.2) in the subdomain Q\Q c . From our assumptions it follows that the exchange of stabilities takes place in Q c . Therefore, we can apply the standard theory [14] to solve the initial-boundary value problem in Q\Q c . We get the following result.
Lemma 3.1. Assume hypotheses (A 0 )-(A 6 ) to be valid. Then, for sufficiently small
. Now we consider the initialboundary value problem for (2.1) in Q c with the initial conditions
and the boundary conditions
for sufficiently small ε. Our approach to study this problem is based on the method of ordered lower and upper solutions. We construct these solutions for (2.1), (3.5), (3.6) by means of the composed stable solution (û(x, t),v(x, t)) defined in (2.15), (2.16). As we noticed above, in generalû(x, t) is not smooth on the curve C. In order to be able to useû(x, t) for the construction of lower and upper solutions we have to smoothû(x, t) near the curve C. To this end we extend smoothly the functions ψ 1 (t, x) and ψ 2 (t, x) into the regions Q 2 and Q 1 , respectively. Using the function
we introduce the functionũ bỹ
Let Q ν be defined by Q ν := {(x, t) ∈ Q: |t − t c (x)| < ν, 0 x 1}, where ν is any sufficiently small positive number such that Q ν has no common point with t = T (see Fig. 2 ).
It is easy to show thatũ is smooth in Q c and satisfies
where
(see [1] ). Now we construct lower and upper solutions for the initial-boundary value problem (2.1), (3.5) , (3.6) in Q c by using the smooth functionũ as follows:
are positive functions in Q c × I ε 1 , γ , σ, λ, k are positive numbers. We will determine these numbers in such a way that α and β will be ordered lower and upper solutions, i.e., they will satisfy all conditions of Definition 2.1 in Q c . It is obvious that for any choice of γ , σ, λ and k we have
hence, the relations (2.26) are fulfilled. Taking into account the exponential decay of Π 0 (x, τ ) we get from (3.10), (3.4) for sufficiently small ε
Consequently, the inequalities (2.30) for the initial data hold. Now we check that α u (x, t, ε) and β u (x, t, ε) satisfy the inequalities (2.27) in Q ν for sufficiently small ε.
From (2.17) we obtain
Using this relation it can be shown (see [1, 3] ) that
From (3.11) we get
Thus, because of 1/2 < a < 1, we obtain from (3.10)-(3.13)
14)
To treat the expression g(β u (x, t, ε), v, x, t, ε) in L v β u we use the relations
which follows from (3.8) and (3.9), and
due to (3.11) . Moreover, we note that the set of all v satisfying α v (x, t, ε) v β v (x, t, ε) can be represented in the form
Thus, we have 
